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Singular Perturbation Problems (SPPs) are characterized by
the presence of small parameter e in the highest order deriva-
tive, and they exhibit boundary or interior layer(s) where the
solutions change rapidly. These types of problems arise fre-
quently in mechanical and electrical systems, Navier–Stokes
equations at high Reynolds number, drift diffusion equation
of semiconductor device modeling, oceanic and atmospheric
circulation, etc. Analytical and numerical treatments of these
equations have drown much attention of many researchers.
In general classical numerical methods fail to produce goodapproximation for SPPs. Hence one has to go for non-
classical methods. In the last few years, a considerable amount
of effort has been devoted to the numerical solution of SPPs
[3,4,8,10,13].
In this paper we have discussed fourth order SPPs. For
fourth order non-SPPs, plenty of methods are available. Some
of them are Homotopy Perturbation Method (HPM), Differ-
ential Transform Method (DTM), Optimal Homotopy
Asymptotic Method (OHAM), Homotopy Asymptotic
Method (HAM), Adomian Decomposition Method (ADM).
One of the semiexact methods that do not need small param-
eters is the HPM which is discussed in [15–17,21]. In [18–20],
the authors analyzed the application of DTM. The methods
OHAM and ADM are discussed in [22,23].
Singularly Perturbed Turning Point Problems (SPTPPs)
arise in various fields of applied mathematics like speed field
that changes its sign in the catch basin, one dimensional ver-
sion of stationary convection diffusion problems with a dom-
inant convective term, geophysics and modeling thermalroblems
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turbed turning point problems arises in spherical shells and
shallow cap dimpling [27], apart from this, which is involved
in many physical problems such as, steady state Navier–Stokes
equation, homogenization process of a passive tracer in a flow
with closed mean streamlines, AllenCahn equation arising in
material sciences, theory of shells of revolution [14]. In general,
the analytical and numerical treatments of SPTPPs are more
complicated than SPPs without turning points, because the
coefficient of the convection term vanishes inside the domain.
Numerous works have been devoted for studying SPTPPs.
To cite a few, Abrahamsson [1] derived a priori estimates for
the solution and its derivatives of SPPs with a turning point.
Farrell [5] and Berger et al. [2] obtained a general sufficient
condition for a uniformly convergent scheme for second order
turning point problem. Wasow [24], O’ Malley [10], Watts [25]
and Roos et al. [13] studied the qualitative aspects of turning
point problems. In [12], O’Riordan and Quinn, proposed a
parameter uniform numerical method for SPTPP with an inte-
rior layer. In [26,9] the authors obtained a second order con-
vergence. For more detail one may refer [14] and the
references therein. An asymptotic expansion of solution for
the third order SPTPP was constructed by Mo et al. [7].
Parameter uniform numerical method for a third order
SPTPPs is given in [6].
In [24, p. 5], Wasow has discussed a modified form of Orr–
Summerfeld equation which is a fourth order singularly per-
turbed turning point problem. So far no one has constructed
parameter uniform numerical method for fourth order turning
point problems. Above all it is purely mathematical interest to
study fourth order singularly perturbed turning point
problems.
The present paper is organized as follows. In Section 2
fourth order singularly perturbed turning point problem is
considered, which is converted into a weakly coupled system
of two equations one with the parameter e and another without
the parameter e. In Section 3 maximum principle and stability
results are discussed, which are used to prove the uniqueness
and stability. The derivative estimates are given in Section 4.
In Section 5 a mesh selection strategy is explained. Further,
an upwind finite difference scheme for the problem (3)–(5) is
given. The discrete maximum principle and stability results
are proved in Section 6. Nonlinear problem is discussed in Sec-
tion 7. Also, the error analysis is carried out. Section 8 pro-
vides numerical results which validate the theoretical results.
2. Statement of the problem
Motivated by the works of [11,7,6] we consider a class of sin-
gularly perturbed fourth order differential equation with a
turning point at x ¼ 0:
Find u 2 C2ðXÞ \ C4ðXÞ such that
euivðxÞ aðxÞu000ðxÞþ bðxÞu00ðxÞþ cðxÞuðxÞ ¼ fðxÞ;x2X¼ ð1;1Þ;
uð1Þ ¼ l1; uð1Þ ¼ l2; u00ð1Þ ¼ l3; u00ð1Þ ¼ l4;

ð1Þ
jaðxÞj 6 a > 0; for 0 < jxj 6 1; að0Þ ¼ 0; a0ð0Þ < 0;
b0 P bðxÞP b0 > 0; c0 P cðxÞP c0 > 0; a < b0  c0;
and ja0ðxÞjP ja0ð0Þj=2 8x 2 X ¼ ½1; 1;
8><
>:
ð2ÞPlease cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform n
exhibiting boundary layers, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.asewhere aðxÞ; bðxÞ; cðxÞ and fðxÞ are smooth functions on X.
With the above assumptions, the turning point problem (1)
possesses a unique solution exhibiting two boundary layers
at both end points x ¼ 1 and x ¼ 1 [2].
Throughout the paper C;C1 denote generic positive con-
stants independent of the singular perturbation parameter e
and the discretization parameter N of the discrete problem.
Let y : D!R. The appropriate norm for studying the conver-
gence of numerical solution to the exact solution is the maxi-
mum norm kwkD ¼ supx2DjwðxÞj. In case of vectors
w ¼ ðw1;w2ÞT, we define jwðxÞj ¼ ðjw1ðxÞj; jw2ðxÞjÞT and
kwkD ¼ maxfkw1kD; kw2kDg.
3. Maximum principle and stability result
The above problem (1) is equivalent to the following problem:
Find u ¼ ðu1; u2ÞT; u1; u2 2 C0ðXÞ \ C2ðXÞ such that
Pu ¼ ðP1u;P2uÞT where
P1u :¼ u001ðxÞ þ u2ðxÞ ¼ 0; x 2 X; ð3Þ
P2u :¼ eu002ðxÞ þ aðxÞu02ðxÞ  bðxÞu2ðxÞ þ cðxÞu1ðxÞ ¼ fðxÞ;
x 2 X; ð4Þ
u1ð1Þ ¼ l1; u1ð1Þ ¼ l2; u2ð1Þ ¼ l3; u2ð1Þ ¼ l4: ð5Þ
Theorem 3.1 (Maximum principle). Let wðxÞ ¼ ðw1ðxÞ;
w2ðxÞÞT;w1;w2 2 C0ðXÞ \ C2ðXÞ be any function satisfying
P1 w 6 0;P2 w 6 0, wð1ÞP 0, and wð1ÞP 0. Then
wðxÞP 0; 8x 2 X.
Proof. Define sðxÞ ¼ ðs1ðxÞ; s2ðxÞÞT as s1ðxÞ ¼ 3 2x2
and s2ðxÞ ¼ 2þ x. Then sðxÞ > 0, for all x 2 X and
PsðxÞ < 0; x 2 X.
Further we define
l ¼ max max
x2X
w1ðxÞ
s1ðxÞ
 
;max
x2X
w2ðxÞ
s2ðxÞ
  
:
Assume that the theorem is not true. Then l > 0 and there
exists a point x0 2 X, such that either w1ðx0Þs1ðx0Þ
 
¼ l or
w2ðx0Þ
s2ðx0Þ
 
¼ l or both. Also ðwþ lsÞðxÞP 0; 8x 2 X.
case: 1 Assume that w1ðx0Þs1ðx0Þ
 
¼ l. That is
ðw1 þ ls1Þðx0Þ ¼ 0. Therefore ðw1 þ ls1Þ attains its minimum
at x ¼ x0. Then,
0 > P1ðwþ lsÞðx0Þ ¼ ðw1 þ ls1Þ00ðx0Þ þ ðw2 þ ls2Þðx0ÞP 0
which is a contradiction.
case: 2 Assume that w2ðx0Þs2ðx0Þ
 
¼ l. That is
ðw2 þ ls2Þðx0Þ ¼ 0. Therefore ðw2 þ ls2Þ attains its minimum
at x ¼ x0. Then,
0 > P2ðwþ lsÞðx0Þ ¼ eðw2 þ ls2Þ00ðx0Þ þ aðx0Þðw2 þ ls2Þ0ðx0Þ
 bðx0Þðw2 þ ls2Þðx0Þ þ cðx0Þ
 ðw1 þ ls1Þðx0ÞP 0:
which is a contradiction.umerical method for fourth order singularly perturbed turning point problems
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Lemma 3.2 (Stability result). Let u ¼ ðu1; u2ÞT; u1; u2 2
C0ðXÞ \ C2ðXÞ be any function. Then for i ¼ 1; 2juiðxÞj 6 C max ju1ð1Þj; ju1ð1Þjju2ð1Þj; ju2ð1Þj;max
x2X
jP1uj;max
x2X
jP2uj
 
; 8x 2 X:Proof. Define W ¼ ðW1 ;W2 Þ
T
as
W1 ðxÞ ¼ Cð3 2x2ÞC1  u1ðxÞ and
W2 ðxÞ ¼ Cð2þ xÞC1  u2ðxÞ; where
C1 ¼ max ju1ð1Þj; ju1ð1Þj; ju2ð1Þj; ju2ð1Þj; maxx2XjP1uj;f
maxx2XjP2ujg.
Note that Wð1ÞP 0 , Wð1ÞP 0, for a proper choice of
C > 0. It is easy to see that, Pð WðxÞÞ 6 0; 8x 2 X. Then by
the maximum principle we get the desired result. h
Note: Since the operators Pj; j ¼ 1; 2 satisfy the above max-
imum principle, the solution of the BVP (3)–(5) is unique if it
exists.
4. Analytical results
The estimates for solution and its derivatives are given in this
section. Herein after we shall denote the subdomains of
X ¼ ½1; 1 as X1 ¼ ½1;d;X2 ¼ ½d; d and
X3 ¼ ½d; 1; 0 < d 6 1=2. The choice of d ¼ 1=2 can be found
in [2]. And jakðxÞjP a > 0 for d < jxj 6 1.
Lemma 4.1. Let u ¼ ðu1; u2ÞT be the solution of (3)–(5), then
kuðkÞj ðxÞk 6
Ceðk2Þ maxfkfk; kukg; for j ¼ 1
CeðkÞ maxfkfk; kukg; for j ¼ 2
(
; k ¼ 1; 2
kuð3Þj ðxÞk 6
Ceðk2Þ maxfkfk; kf0k; kukg; for j ¼ 1
CeðkÞ maxfkfk; kf0k; kukg; for j ¼ 2
(
8x 2 X1 [ X3, where C depends on
kak; ka0k; kbk; kb0k; kck and kc0k, where aðxÞ > 0; for x 2 X1
and aðxÞ < 0; for x 2 X3.
Proof. Using the technique adopted in [4] the present lemma
can be proved in the subdomain X1. In a similar way one
can prove an analogous result in the subdomain X3. h
Let us denote b ¼ bð0Þ=a0ð0Þ, and bl and bs be fixed positive
constants such that bl < 1 < bs. And also note that b < 0
always. The next lemma gives estimates for u and its deriva-
tives in the interval X2 which contains the turning point x ¼ 0.
Lemma 4.2. Let u ¼ ðu1; u2ÞT be the solution of (3)–(5), then for
k ¼ 1; 2; 3
kuðkÞj ðxÞk 6 C; for j ¼ 1; 2Please cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform nu
exhibiting boundary layers, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.ase8x 2 X2, where C depends on kak; ka0k; kbk; kb0k;
kck; kc0k; kfk; kf0k and b.
Proof. We prove this lemma by adopting the technique as in
Berger et al. [2]. From the Mean Value Theorem and the
assumptions in (2), we havejaðxÞj ¼ jaðxÞ  að0Þj ¼ jxjja0ðfÞjP jxjja0ð0Þj=2P jxj
2bs
b0:
The previous lemma gives the bound for u and its derivatives at
x ¼ 1=2 where C depends on kak; ka0k; kbk;kb0k; kck and kc0k
if Eqs. (3) and (4) is differentiated k times, one finds that the
differential equation satisfied by zðxÞ ¼ ðuÞðkÞðxÞ is
z001ðxÞ þ z2ðxÞ ¼ 0 ð6Þ
ez002ðxÞ þ aðxÞz02ðxÞ  ½bðxÞ  kðða0ðxÞ  cðxÞÞz2ðxÞ
þ c0ðxÞz1ðxÞ ¼ gðxÞ ð7Þ
where g depends on u; . . . ; ðuÞðk1Þ and on the kth order deriva-
tives of a; b; c and f. Applying lemma 3.2 with bðxÞ is replaced
by ðb kða0  cÞÞðxÞ; cðxÞ is replaced by c0ðxÞ using an induc-
tive argument, we obtain the required result. h
To derive e – uniform error estimates we require sharper
bounds of the solution and its derivatives. For this we use
Shishkin decomposition [4] of the solution u as, u ¼ vþ w,
where v ¼ ðv1; v2ÞT and w ¼ ðw1;w2ÞT. The regular component
v can be written in the form of v ¼ v0 þ ev1 þ e2v2, where
v0 ¼ ðv01; v02ÞT; v1 ¼ ðv11; v12ÞT and v2 ¼ ðv21; v22ÞT.
Thus the regular component v is the solution of
PðvÞ ¼ f; ð8Þ
v1ð1Þ ¼ u1ð1Þ; v2ð1Þ ¼ v02ð1Þ þ ev12ð1Þ þ e2v22ð1Þ;
v1ð1Þ ¼ u1ð1Þ; v2ð1Þ ¼ v02ð1Þ þ ev12ð1Þ þ e2v22ð1Þ
and the singular component w is the solution of
PðwÞ ¼ 0; ð9Þ
w1ð1Þ ¼ 0; w1ð1Þ ¼ 0;w2ð1Þ ¼ u2ð1Þ  v2ð1Þ  w2ð1Þ
¼ u2ð1Þ  v2ð1Þ:
The following lemma provides the bound on the derivatives
of the regular and singular components of the solution u.
Lemma 4.3. The smooth component v and singular component w
and their derivatives satisfy the bounds for k = 0,1,2,3
kvðkÞj ðxÞk 6
Cð1þ e4kÞ; for j ¼ 1
Cð1þ e2kÞ; for j ¼ 2

8x 2 X1 [ X3;
jwðkÞj ðxÞj 6
Ceðk2Þeað1þxÞ=e; for j ¼ 1
Cekeað1þxÞ=e; for j ¼ 2
(
8x 2 X1and
jwðkÞj ðxÞj 6
Ceðk2Þeað1xÞ=e; for j ¼ 1
Cekeað1xÞ=e; for j ¼ 2
(
8x 2 X3:
where aðxÞ > 0; for x 2 X1 and aðxÞ < 0; for x 2 X3.merical method for fourth order singularly perturbed turning point problems
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required bounds on v; w and its derivatives are obtained in
the subdomains X1 and X3. h
Theorem 4.4. The smooth component v and singular component
w and their derivatives satisfy the bounds for k = 0,1,2,3
kvðkÞj ðxÞk6
Cð1þ e4kÞ; for j¼ 1
Cð1þ e2kÞ; for j¼ 2
(
and
jwðkÞj ðxÞj6
Ceðk2Þðeað1þxÞ=eþ eað1xÞ=eÞ; for j¼ 1
Cekðeað1þxÞ=eþ eað1xÞ=eÞ; for j¼ 2
(
8x2 X
Proof. Lemma 4.2 guarantees that the solution of the SPTPP
(3)–(5) and its derivatives are smooth in the domain X2. Hence,
the proof is an immediate consequence of the above estimates
on vðkÞðxÞ and wðkÞðxÞ. h5. Discrete problem
5.1. Mesh selection strategy
To obtain a parameter uniform numerical method, we apply
classical finite difference scheme on piecewise uniform mesh
(Shishkin mesh) to discretize the system (3)–(5). For construct-
ing a piecewise uniform mesh XNe ;NP 4 we split the domain X
into three subintervals XL ¼ ½1;1þ s;XC ¼ ½1þ s; 1 s
and XR ¼ ½1 s; 1 such that X ¼ XL [ XC [ XR.
The transition parameter s is chosen to be min 1
2
; 2e ln Na
 	
.
5.2. Finite difference method for the problem (3)–(5)0 > PN2 ð Wþ nsÞðxkÞ ¼
ed2ðW2 þ ns2ÞðxkÞ þ aðxkÞDþðW2 þ ns2ÞðxkÞ
bðxkÞðW2 þ ns2ÞðxkÞ þ cðxkÞðW1 þ ns1ÞðxkÞ if aðxkÞ > 0
ed2ðW2 þ ns2ÞðxkÞ þ aðxkÞDðW2 þ ns2ÞðxkÞ
bðxkÞðW2 þ ns2ÞðxkÞ þ cðxkÞðW1 þ ns1ÞðxkÞ if aðxkÞ < 0
8>><
>>:
P 0:The domain XNe is obtained by putting a uniform mesh with
N=4 mesh elements in both XL and XR and a uniform mesh
with N=2 elements in XC. The resulting fitted finite difference
scheme is to find UðxiÞ ¼ ðU1ðxiÞ;U2ðxiÞÞT for
i ¼ 0; 1; 2; . . . ;N such that for xi 2 XNe , is PN ¼ ðPN1 ;PN2 Þ where
PN1
UðxiÞ :¼ d2U1ðxiÞ þU2ðxiÞ ¼ 0; i ¼ 1ð1ÞN 1
PN2
UðxiÞ : ¼ ed2U2ðxiÞ þ aðxiÞDU2ðxiÞ  bðxiÞU2ðxiÞ
þ cðxiÞU1ðxiÞ ¼ fðxiÞ; i ¼ 1ð1ÞN 1 ð10ÞjzjðxiÞj 6 C max max jz1ðx0Þj; jz1ðxNÞjf g;max jz2ðx0Þj; jz2ðxNÞjf g;
1

Please cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform n
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where DþUjðxiÞ ¼ Ujðxiþ1ÞUjðxiÞxiþ1xi , D
UjðxiÞ ¼ UjðxiÞUjðxi1Þxixi1 ,
d2UjðxiÞ ¼ D
þUjðxiÞDUjðxiÞ
ðxiþ1xi1Þ=2 and D
UjðxiÞ¼ D
þUjðxiÞ if aðxiÞ>0
DUjðxiÞ if aðxiÞ<0

.
6. Numerical solution estimates
Analogous to the continuous results stated in Theorem 3.1 and
Lemma 3.2 we prove the following results.
Theorem 6.1. For any mesh functions WðxiÞ ¼ ðW1ðxiÞ;
W2ðxiÞÞT, assume that Wðx0ÞP 0; WðxNÞP 0;PN1 ð WðxiÞÞ 6 0;
8i ¼ 1ð1ÞN 1 and PN2 ð WðxiÞÞ 6 0 8i ¼ 1ð1ÞN 1. Then
WðxiÞP 0, 8xi 2 XNe .
Proof. Define sðxiÞ ¼ ðs1ðxiÞs2ðxiÞÞT as s1ðxiÞ ¼ 3 2x2i
and s2ðxiÞ ¼ 2þ xi. Then sðxiÞ > 0, for all
xi 2 XNe ; PsðxiÞ > 0, for all xi 2 XNe . Further we define
n ¼ max max
xi2XNe
W1
s1
 
ðxiÞ;max
xi2XNe
W2
s2
 
ðxiÞ
 
Assume that the theorem is not true. Then n > 0 and we have
ð Wþ nsÞðxiÞP 0 for xi 2 XNe . For some i ¼ k, we may have
either ðW1 þ ns1ÞðxkÞ ¼ 0 ðorÞ ðW2 þ ns2ÞðxkÞ ¼ 0 or both.
case: 1 ðW1 þ ns1ÞðxkÞ ¼ 0. Then
0 > PN1 ð Wþ nsÞðxkÞ ¼ ðW1 þ ns1Þ00ðxkÞ þ ðW2 þ ns2ÞðxkÞP 0:
which is a contradiction.
case: 2 ðW2 þ ns2ÞðxkÞ ¼ 0. Thenwhich is a contradiction.
Hence WðxiÞP 0; 8xi 2 XNe . h
An immediate consequence of the discrete maximum prin-
ciple is the following discrete stability result.
Lemma 6.2. Consider the scheme (10). If
zðxiÞ ¼ ðz1ðxiÞ; z2ðxiÞÞT is any mesh function then, for all
xi 2 XNe ,max
6i6N1
jPN1 zðxiÞj; max
16i<N1
jPN2 zðxiÞj

; j ¼ 1; 2: 
umerical method for fourth order singularly perturbed turning point problems
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UðxiÞ ¼ VðxiÞ þ WðxiÞ where VðxiÞ and WðxiÞ are regular
and singular components which are the solutions of the prob-
lems respectively,
PN1
VðxiÞ ¼ 0; i ¼ 1; 2; . . . ;N 1; PN2 VðxiÞ ¼ fðxiÞ;
i ¼ 1; 2; . . . ;N 1; ð11Þ
Vð1Þ ¼ vð1Þ; Vð1Þ ¼ vð1Þ and
PN1
WðxiÞ ¼ 0; i ¼ 1; 2; . . . ;N 1; PN2 WðxiÞ ¼ 0;
i ¼ 1; 2; . . . ;N 1; ð12Þ
Wð1Þ ¼ wð1Þ; Wð1Þ ¼ wð1Þ:
The error in the numerical solution can be written in the form
ð U uÞðxiÞ ¼ ð V vÞðxiÞ þ ð W wÞðxiÞ:W1 ðxiÞ ¼ Ce1N1Y1ðxiÞ  ð W wÞðxiÞ and
W2 ðxiÞ ¼
C e
2rh=e
rðarÞY2ðxN=4Þ e
1N1Y2ðxiÞ  ðW wÞðxiÞ; for 0 6 i 6 N=4
C e
2rh=e
rðarÞð2sÞ e
1N1ð1 xiÞ  ðW wÞðxiÞ; for N=4 6 i 6 N=2
C e
2rh=e
rðarÞð2sÞ e
1N1ð1þ xiÞ  ðW wÞðxiÞ; for N=2 6 i 6 3N=4
C e
2rh=e
rðarÞY3ðx3N=4Þ e
1N1Y3ðxiÞ  ðW wÞðxiÞ; for 3N=4 6 i 6 N
8>>><
>>>:
;Lemma 6.3. At each mesh point xi 2 XNe , the error of the
regular component satisfies the estimate
jð V vÞðxiÞj 6 CN
1
CN1
 !
:
Proof. The standard stability and consistency argument is
used to obtain the following result.
Pð V vÞ ¼ ð P PNÞv ¼
d2
dx2
 d2
 
v1
e d
2
dx2
 d2
 
v2 þ aðxiÞ ddxD

 
v2:
8><
>:
ð13Þ
Then by local truncation error estimates and Lemma 4.3, we
obtain
j PNð V vÞðxiÞj
6
1
3
ðxiþ1xi1Þjvð3Þ1 j
e
3
ðxiþ1xi1Þjvð3Þ2 jþ aðxiÞ2 ðxiþ1xiÞjvð2Þ2 j if aðxiÞ> 0
e
3
ðxiþ1xi1Þjvð3Þ2 jþ aðxiÞ2 ðxixi1Þjvð2Þ2 j if aðxiÞ< 0
( )
0
BB@
1
CCA
6 CN
1
CN1
 !
Now applying Lemma 6.2 to the mesh functions ð V vÞðxiÞ,
we have jð V vÞðxiÞj 6 CN
1
CN1
 
. hPlease cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform nu
exhibiting boundary layers, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.aseLemma 6.4. At each mesh point xi 2 XNe the error of the singu-
lar component satisfies the estimatejð W wÞðxiÞj 6 CN
1 ln N
CN1 ln N
 !
Proof. We consider first the case s ¼ 1=2 and so e1 6 ClnN
and h ¼ N1. By classical argument and using Lemma 4.3,
we obtainj PNð W wÞðxiÞj 6 Ce
2N1
Ce2N1ðeað1þxiÞ=e þ eað1xiÞ=eÞ
(
ð14Þ
Consider the mesh functions WðxiÞ ¼ ðW1 ;W2 Þ
T
defined aswhere r is a constant with 0 < r < a;Y1ðxiÞ ¼ 3 2x2i ;Y2 and
Y3 are the solutions of the constant coefficient problems
ðed2 þ rDþÞY2 ¼ 0 and ðed2  rDÞY2 ¼ 0. We then have
Wðx0Þ > 0; WðxNÞ ¼ 0 and PN WðxiÞ < 0. Then by the dis-
crete maximum principle (Theorem 6.1) we conclude that
W P 0 and so for all xi 2 XNe ; jð W wÞðxiÞj 6
CN1 ln N
CN1 ln N
 
.
We now consider the case s ¼ 2ea ln N.
We construct piecewise uniform mesh by giving 4s=N
points in the subintervals XL;XR and 2s=N in the subinterval
XC. Separate proofs are given for coarse and fine mesh
subintervals. The subinterval XC has no boundary layer, both
W and w are small, and by the triangle inequality we have
jð W wÞðxiÞj 6 j WðxiÞj þ jwðxiÞj: ð15Þ
It suffices to bound WðxiÞ and wðxiÞ separately.
Now we consider the subinterval ½1þ s; 0 for our
discussion since one can obtain a similar proof for the
subinterval ½0; 1 s.
Using Lemma 4.3 we havejwðxiÞj 6 CN
1
CN1
(
: ð16Þ
To obtain a similar bound for WðxiÞ we introduce the mesh
functions Y1ðxiÞ ¼ 3 2x2i and Y2ðxiÞ which is the solution
of the constant coefficient finite difference problemmerical method for fourth order singularly perturbed turning point problems
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Figure 1 Solution graph of Example 8.1 for e ¼ 24 and N ¼ 27.
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Figure 2 Solution graph of Example 8.2 for e ¼ 24 and N ¼ 27.
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Figure 3 Solution graph of Example 8.3 for e ¼ 24 and N ¼ 27.
6 N. Geetha, A. Tamilselvanðed2 þ rDþÞY2 ¼ 0 for i 6 N=2;
ðed2  rDÞY2 ¼ 0 for iP N=2
Y2ðx0Þ ¼ 1 Y2ðxNÞ ¼ 1:
From Lemma 7.5 of [8], jwðxiÞj 6 j WðxiÞj 8 0 6 i 6 N.
Further the same lemma leads immediately to
j WðxiÞj 6 CN
1
CN1
(
8 xi 2 ½1þ s; 0: ð17Þ
Combining Eqs. (16) and (17) we have,
jð W wÞðxiÞj 6 CN
1
CN1
 !
8 xi 2 ½1þ s; 0 ð18Þ
It remains to prove the results for xi 2 XL and xi 2 XR. Let
xi 2 XL. For i ¼ 0 there is nothing to prove. For xi 2 XL the
proof follows the same lines as for the case s ¼ 1=2 except that
we use the discrete maximum principle on XL and the already
established bound j WðxN=4Þj 6 CN
1
CN1

.
We have in this case,
j PNð W wÞðxiÞj 6 Cse
2N1
Cse2N1eað1þxiÞ=e
(
ð19Þ
For all i; 0 6 i 6 N=4, we introduce the mesh functions
WðxiÞ ¼ ðW1 ðxiÞ;W2 ðxiÞÞ
T
as
W1 ðxiÞ ¼ CsN1Y1ðxiÞ  ð W wÞðxiÞ and ð20Þ
W2 ðxiÞ ¼
Ce2rh=e
rða rÞ se
1N1Y2ðxiÞ þ C0N1  ð W wÞðxiÞ ð21Þ
where Y1ðxiÞ ¼ 3 2x2i , Y2ðxiÞÞ ¼ 1þ yN=4  1
 
ki1
kN=41
 
and r is as before and for all i; 0 6 i 6 N=4.
Its easy to see that
DþY2ðxiÞ 6 c=eecð1þxiþ1Þ=e < 0 ð22Þ
and so Y2 decreases monotonically with 0 6 i 6 N=4 we then
have WðxiÞ > 0; WðxN=4ÞP 0 and using (19) and (22) and
ðed2 þ rÞDþY2 ¼ 0, we obtain PN WðxiÞ 6 0. Then by the dis-
crete maximum principle we conclude that
WðxiÞP 0; 8xi 2 XL. Similarly the proof follows for xi 2 XR
and so for all xi 2 XNe , jð W wÞðxiÞj 6 CN
1 ln N
CN1 ln N
 
as
required. h
Theorem 6.5. Let uðxÞ ¼ ðu1ðxÞ; u2ðxÞÞT, for all x 2 X be the
solution of (3)–(5) and let UðxiÞ ¼ ðU1ðxiÞ;U2ðxiÞÞT, for all
xi 2 XNe be the numerical solution of problem (10). Then we
have
sup
0<e61
kU1  u1kXNe 6 CN
1 ln N and sup
0<e61
kU2  u2kXNe
6 CN1 ln N
Proof. Proof follows immediately, if one applies the Lemmas
6.3 and 6.4 to U u ¼ V vþ W w. hPlease cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform n
exhibiting boundary layers, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.ase7. Nonlinear problems
Let us consider the nonlinear boundary value problem
 euivðxÞ ¼ Fðx; u; u00; u000Þ; x 2 X ð23Þ
uð1Þ ¼ l1; uð1Þ ¼ l2; u00ð1Þ ¼ l3; u00ð1Þ ¼ l4; ð24Þ
where Fðx; u; u00; u000Þ is a smooth function such that
jFu000 ðx; u; u00; u000Þj 6 a > 0; for 0 < jxj 6 1;
b0 P Fu00 ðx; u; u00; u000ÞP b0 > 0;
c0 P Fu0 ðx; u; u00; u000ÞP c0; a < b0  c0
8><
>: ð25Þ
In order to obtain the numerical solution of the BVP (23) and
(24), Newton’s method of quasilinearization [3] is applied to
generate the sequence of fu½mg10 of successive approximations
with a proper choice of initial guess u½0, in fact we define u½mþ1,
for each fixed non-negative integer m, to be the solution of the
following linear problem:umerical method for fourth order singularly perturbed turning point problems
j.2016.04.018
Table 1 Values of DN1 ; p
N
1 and D
N
2 ; p
N
2 for the solution components U1 and U2 respectively for Example 8.1.
Number of mesh points N
64 128 256 512 1024
DN1 3.9249e2 1.9940e2 1.0049e2 5.0440e3 2.5269e3
pN1 9.7700e1 9.8864e1 9.9436e1 9.9720e1 –
DN2 3.5852e2 2.2862e2 1.3834e2 8.0757e3 4.5981e3
pN2 6.4910e1 7.2472e1 7.7656e1 8.1256e1 –
Table 2 Values of DN1 ; p
N
1 and D
N
2 ; p
N
2 for the solution components U1 and U2 respectively for Example 8.2.
Number of mesh points N
64 128 256 512 1024
DN1 3.3778e2 1.7097e2 8.6002e3 4.3130e3 2.3610e3
pN1 9.8234e1 9.9128e1 9.9567e1 8.6929e1 –
DN2 2.5276e1 1.6171e1 9.8021e2 5.7269e2 3.2621e2
pN2 6.4435e1 7.2228e1 7.7534e1 8.1196e1 –
Parameter uniform numerical method 7 euiv½mþ1ðxÞ  amðxÞu000½mþ1ðxÞ þ bmðxÞu00½mþ1ðxÞ
þ cmu½mþ1ðxÞ ¼ fmðxÞ; ð26Þ
u½mþ1ð1Þ ¼ l1; u½mþ1ð1Þ ¼ l2; u00½mþ1ð1Þ ¼ l3;
u00½mþ1ð1Þ ¼ l4; ð27Þ
where amðxÞ ¼ Fu000 ðx; u½m; u00½m; u000½mÞ; bmðxÞ ¼ Fu00 ðx; u½m; u00½m; u000½mÞ,
cmðxÞ ¼ Fuðx; u½m; u00½m; u000½mÞ, fmðxÞ ¼ Fðx; u½m; u00½m; u000½mÞ u½mFu
ðx; u½m; u00½m; u000½mÞ  u00½mFu00 ðx; u½m; u00½m; u000½mÞ u000½mFu000 ðx;u½m;u00½m;u000½mÞ.
We make the following observations:
1. From the assumptions (25) it follows that, for fixed m,
jFu000 ðx; u½m; u00½m; u000½mÞj 6 a > 0; for 0 < jxj 6 1;
b0 P Fu00 ðx; u½m; u00½m; u000½mÞP b0 > 0;
c0 P Fu0 ðx; u½m; u00½m; u000½mÞP c0; a < b0  c0
8><
>:
2. If the initial guess u½0 is sufficiently close to the solution
uðxÞ of (23) and (24), then one can prove, following the
method of proof given in [3], that the sequence fu½mg10 con-
verges to uðxÞ.
3. Problem (26) and (27), for fixed m, is a linear boundary
value problem and hence it can be solved by the method
described in Section 6.
4. The following convergence criterion is used to terminate the
iteration:
ky½mþ1ðxjÞ  y½mðxjÞk 6 k; xj 2 X; k;mP 08. Numerical results
Methodology:
Step: 1 Convert the fourth order equation into a weakly cou-
pled system of two equations by substituting u ¼ u1
and u001 ¼ u2.
Step: 2 Split the domain X using piecewise uniform mesh
(Shishkin mesh).Please cite this article in press as: Geetha N, Tamilselvan A, Parameter uniform nu
exhibiting boundary layers, Ain Shams Eng J (2016), http://dx.doi.org/10.1016/j.aseStep: 3 The converted problem is discretized using (10). Now
we have 2n 2 system of algebraic equations with
2n 2 unknowns.
step: 4 Solve this system to get the required solution.
In this section, two examples are given to illustrate the
numerical method discussed in this paper. We use the double
mesh principle to estimate the error and compute the rate of
convergence in our computed solution.
Define the double mesh differences to be
DNe;j ¼ max
xi2XNe
jUNj ðxiÞ U2Nj ðxiÞj
 
; for j ¼ 1; 2 and DNj
¼ max
e
DNe;j
where UNj ðxiÞ and U2Nj ðxiÞ respectively, denote the numerical
solution obtained using N and 2N mesh intervals. Further,
we calculate the parameter robust order of convergence as
pNj ¼ log2
DNj
D2Nj
 !
; for j ¼ 1; 2:
The following examples have a turning point at x ¼ 0 (see
Figs. 1–3 and Table 1–3).
Example 8.1. Consider the following singularly perturbed
turning point problem
euivðxÞ þ 5xu000ðxÞ þ 4u00ðxÞ þ 2uðxÞ ¼ 0; x 2 ð1; 1Þ
uð1Þ ¼ 1; uð1Þ ¼ 1; u00ð1Þ ¼ 1; u00ð1Þ ¼ 1:
Example 8.2. Consider the following singularly perturbed
turning point problem
euivðxÞ þ 5xu000ðxÞ þ ð4þ xÞu00ðxÞ þ ð2þ x2ÞuðxÞ
¼  expðxÞ þ 5; x 2 ð1; 1Þmerical method for fourth order singularly perturbed turning point problems
j.2016.04.018
Table 3 Values of DN1 ; p
N
1 and D
N
2 ; p
N
2 for the solution components U1 and U2 respectively for Example 8.3.
Number of mesh points N
64 128 256 512 1024
DN1 7.5762e2 3.8593e2 1.9475e2 9.7821e3 4.9021e3
pN1 9.7314e1 9.8672e1 9.9341e1 9.9673e1 –
DN2 7.6635e2 5.3789e2 3.4547e2 2.0893e2 1.2141e2
pN2 5.1069e1 6.3874e1 7.2556e1 7.8310e1 –
8 N. Geetha, A. Tamilselvanuð1Þ ¼ 1; uð1Þ ¼ 1; u00ð1Þ ¼ 2; u00ð1Þ ¼ 2:
Example 8.3. Consider the following nonlinear singularly
perturbed turning point problem
euivðxÞ þ 5xu000ðxÞ þ ð4þ xÞu00ðxÞ þ 2u2ðxÞ ¼ 0; x 2 ð1; 1Þ
uð1Þ ¼ 1; uð1Þ ¼ 1; u00ð1Þ ¼ 2; u00ð1Þ ¼ 2:Acknowledgment
The authors wish to thank Department of Science and Tech-
nology, Government of India, for the computing facility under
DST-FIST.
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